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Generalized Finite Element-Harmonic Analysis
for Nonlinear Heat Transfer

Dan Givoli* and Omri Rand*
Technion—Israel Institute of Technology, Technion City, 32000 Haifa, Israel

A numerical method is devised for the solution of nonlinear problems in bodies whose boundaries can
be uniquely described in cylindrical coordinates. It provides a generalization of standard finite element
(FE) Fourier analysis to nonlinear problems with asymmetric geometry and material properties. One
class of problems in this category is that involving nonlinear steady-state heat transfer in a body with
asymmetric geometry, thermal loading, and thermal properties. The proposed method combines FE dis-
cretization in a plane or interval and a symbolically implemented Fourier decomposition in the circum-
ferential direction. Applications include space structures or structural members in space structures ex-
posed to incoming solar heat flux and emitting thermal radiation.

Nomenclature
CR = heat radiation coefficient
D = three-dimensional domain
d = global finite element solution (temperature)

vector, {dt}
de = solution (temperature) vector of element e,

{d-}
f = incident heat flux
g = prescribed surface temperature
M = number of degrees of freedom in the finite

element analysis
N = number of harmonics in the Fourier

expansion
Wnp, Nel = number of nodal points, number of elements
n = outward unit normal vector on boundary F
ny = outward normal vector on boundary y in the

asymmetric case
r = radial coordinate
7\(0), T2(9) = geometrical factors appearing in the

asymmetric case, Eq. (19)
u = absolute temperature
w - weighting function
x = location vector, (r, 9, z)
z = axial coordinate
F = boundary of D
YH, YT = parts of F where normal heat flux and

temperature are prescribed
y = boundary of fl
yHy yT = parts of y where normal heat flux and

temperature are prescribed
9 = angular coordinate
K — thermal conductivity tensor
K = thermal conductivity tensor in the (r, z)

plane
KB — thermal conductivity in the angular direction
A = surface thermal convection coefficient
4>i = finite element shape function
11 = two-dimensional domain in the (r, z) plane
(V = domain of element e
V = Cartesian gradient operator in the (r, z)

plane
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I. Introduction

T HE combined use of finite element (FE) discretization and
Fourier analysis is quite common in various areas of aero-

space engineering. A frequent case is that where Fourier de-
composition is applied in time, and FEs are employed in space.
Fourier decomposition in time is commonly used in structural,
acoustics, and control analyses of aerospace structures. Appli-
cations include, e.g., the dynamic analysis of cylindrical struc-
tures,1 the structural dynamics of rotating rotor blades,2 the
solution of fluid-structure interaction problems,3 and the anal-
ysis of rotating space structures.4'6

Another method in the same category is the spectral element
Fourier method that combines Fourier expansions with spectral
elements or wimp-type FEs. See the application of the method
to the Navier—Stokes equations in Ref. 7 and to the time-
dependent heat equation in Ref. 8. A related class of methods
has been discussed in Ref. 9. Also see Ref. 10 for a review of
p-type methods.

Another important case where a Fourier-based (spectral)
method and the FE method are combined, is the time-inde-
pendent analysis of axisymmetric bodies, i.e., bodies of revo-
lution, under asymmetric loads. In this case, Fourier decom-
position is applied in the angular (circumferential) direction,
whereas FEs are used in the axial and radial directions. In this
paper, this combined method will be called the Fourier finite
element (FFE) method. Some computational issues regarding
FFE are discussed in Refs. 11 and 12. The use of FFE in the
analysis of linear elastic axisymmetric structures loaded by
asymmetric loads is reported in Refs. 13-15.

The FFE method has several advantages, the main one being
the dimensional reduction in the FE formulation, which leads
to a reduction in the complexity of the numerical model. This
includes the meshing process, which has to be done in a lower
dimension, e.g., a two-dimensional mesh instead of a three-
dimensional mesh. Also, in many cases, in particular when the
solution is sufficiently smooth in the angular direction, i.e., the
loading can be described by a small number of harmonics, FFE
is computationally more efficient, namely it can achieve the
same accuracy as a full FE model, with a smaller number of
degrees of freedom. Up to now, the application of this method
has been restricted to the case of asymmetric loads with axi-
symmetric geometry.

Most of the work employing FFE is related to linear
problems,11'15 whereby the different modes are decoupled and
superposition of solutions generated by the different Fourier
components of the loading is possible. However, a few papers
discuss the extension of FFE to the nonlinear regime. Refer-

100



GIVOLI AND RAND 101

ences 16-19 propose FFE schemes for large deformation
problems of axisymmetric solids and shells under general load-
ing. In Ref. 20, the authors develop an FFE procedure for
nonlinear steady-state thermal analysis of large truss-type
space structures with thin-walled members.

In this paper, a new FFE method for nonlinear problems is
proposed, which, in several respects, is an extension of the
schemes in Refs. 16-19. The present method is based on a
nonstandard variational (virtual-work) form of the problem and
FE formulation, in cylindrical coordinates, which lead to a
system of semidiscrete equations with respect to the angular
direction. This system has a remarkable resemblance to a dy-
namic semidiscrete system in transient analysis. This set of
differential equations is solved using a harmonic balance pro-
cedure, which is implemented using a special-purpose sym-
bolic manipulation library of subroutines.4'20 In addition, the
present FFE method easily handles asymmetric geometries,
namely domains that deviate from bodies of revolution. The
only theoretical restriction required of the geometry is that the
inner and outer boundaries of the given body be represented
continuously and be uniquely defined in cylindrical coordi-
nates. The material properties are also allowed to be asym-
metric.

The proposed method is developed in this paper in the con-
text of nonlinear steady-state thermal analysis of a solid body.
This is chosen as a model to bring to light the special features
of the new method, although the method can be applied in
principle to other types of problems as well, e.g., to nonlinear
structural problems. The nonlinearity of the problem is caused
by the presence of thermal radiation and possibly also tem-
perature-dependent thermal conductivities. One relevant appli-
cation is the thermal analysis of thick shell structures, or the
analysis of specific members in space structures, exposed to
incoming solar heat flux and emitting thermal radiation, when
a detailed local analysis is required. The results of such anal-
ysis can serve as input to a thermoelastic analysis, which can
also be performed using the same FFE methodology.

Following is the outline of the paper. In Sec. II, the FE
formulation is derived for the case of a body of revolution.
The nonlinear symbolic analysis in the angular direction is also
briefly addressed. In Sec. Ill, it is shown how this formulation
can easily be extended to more general geometries. In Sec. IV,
the two-dimensional case is considered, and explicit expres-
sions are obtained for the element matrices and vectors with
linear FE shape functions. The numerical examples given in
Sec. V demonstrate the performance of the method. Some
computational aspects of the method are also discussed. The
paper is concluded with several remarks in Sec. VI.

II. FE Formulation for Bodies of Revolution
Consider the problem of finding the steady-state temperature

distribution u in a three-dimensional solid body, made of an
anisotropic material, and occupying the domain D. The bound-
ary of D is denoted F. Initially, it will be assumed that D is a
body of revolution, i.e., has axisymmetric geometry, but in the
next section this assumption will be relaxed (Fig. la). The

cylindrical coordinate system (r, 6, z) is used, where z is the
axis of symmetry. In D, the nonlinear steady-state heat equa-
tion governs, namely

V • K(JC, u)Vu = 0 in D (1)

The thermal conductivity tensor K may be a function of lo-
cation x = (r, 0, z) and of temperature, as indicated in Eq. (1).
It has the general symmetric form

(2)

It is assumed that the dependence of K on u and 8 (if it exists)
is continuous, although K may depend on r and z discontinu-
ously, e.g., different materials in different regions in the (r, z)
plane. Note also that in the (r, 9) plane, the polar coordinates
are assumed to be the principal conductivity directions. Thus,
we exclude material fibers that are oblique to the (r, 9) coor-
dinates. These assumptions are needed so that the treatment of
the 9 direction can be separated later from that of the (r, z)
plane.

The boundary F is divided into two parts: F = F// U Fr.
This subdivision must be uniform in the angle 9. On TH, the
normal heat flux is given, whereas on Fr, the temperature is
prescribed. Thus, the boundary conditions are

=f— AM — CRu4 on F,/ (3)

u = g on Fr (4)

The three terms on the right side of Eq. (3) represent the in-
cident heat flux, surface thermal convection, and heat radia-
tion. The data /, A, C/?, and g may be functions of location (r,
ftz).

The problem [Eqs. (1-4)] is now rewritten in a weak form,
to be approximated by the FE method. However, in contrast
to the standard three-dimensional case, the FE formulation is
applied here with respect to r and z only, whereas 9 remains
a continuous variable. To this end, D and its boundary F are
decomposed via

D = ft X (0, 2-n),

F* = yH X (0, 277),

F = y X [0, 27r]
(5)

Fr = yr X (0, 27T)

(Fig. Ib). The Cartesian gradient operator in the (r, z) plane is
defined as follows:

V = er dr
dez —dz

(6)

where er and ez are fixed unit vectors in the r and z directions,
respectively. In addition, the conductivity tensor R is defined

a) I
Fig. 1 Body of revolution: a) the three-dimensional domain and b) the two-dimensional domain in the (r, z) plane.
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as the 2 X 2 part of K in Eq. (2) in the (r, z) plane. Finally,
the trial space ^ and the test space % are defined by

Sf = {w(r, 0, z)\u continuous and w = g on yr}

5f0 = {w(r, z)|w continuous and w = 0 on yT]

Then the weak form of Eqs. (1-4) is as follows.
Find u G tf such that for all w G SP0

f VwicViirdn- f iW-L-)dn
Jn Jn r ^ V ™)

+ w(Aw + QM^r dy = w/r dy
•/ VH * yH

(7)

(8)

(9)

This equation is obtained by multiplying Eq. (1) by the weight
wr, integrating over U, integrating by parts, and using Eq. (3).

Next, an FE mesh is introduced in the domain U, with Nnp
nodal points and Nel elements. The total number of degrees of
freedom (excluding those associated with the prescribed tem-
peratures on yr) is denoted M. The function u is replaced by
the FE approximation

u\r, 6U) = d,(ff)4>,(r, Z) (10)

where / indicates a node number, and </>/ is the global shape
function associated with node /. The coefficients dt are the
nodal solutions, which are functions of 9. Following the Gal-
erkin procedure, uh given by Eq. (10) is substituted into Eq.
(9), and w is replaced by the shape functions <£,, for / = 1,
. . . , M. This leads to a system of ordinary differential equa-
tions in d(0). Using a superposed dot to indicate differentiation
with respect to 0, this system has the form

Md(9) + Cd(8) + Kd(9) + Q[d(0)] = F(9) (11)

The global matrices M, C, and K, and the global vectors Q
and F are calculated by assembling element contributions

M = C =

Q =
'1! c,
F =

K = ke

(12)

where si^=\ is the assembly operator, and the index e is the
element number. The entries of the element matrices me =
[m^], ce = [c»], and ke = [fcj], and of the element vectors qe -
{qei} and/* = {/?}, are easily obtained from Eq. (9):

j = - | -<frM*
Jfi* r

=- i<M.<fejae r

= I <fcc* Z <MK0)
Jy|, L ; J

(15)

(16)

(17)

Here, </>, = (/>* is the local shape function associated with ele-
ment node /, ye

H is the part of yH belonging to element e, and
de = [dj(0)] in Eq. (16) is the element solution vector, which
is the local counterpart of the global vector d(9). The vector
fe = {/?} m Eq- (17) is related to the temperature boundary
conditions [Eq. (4)], and is defined by

fe = kege + cege + mege (18)

where ge is the vector whose entry g](0) is the value of the
prescribed temperature g at node j of element e, if this node
is on yr, and zero otherwise.

Remarkably, the FE nonlinear system of Eq. (11) has a sim-
ilar form to that obtained in transient analysis,21 although in
the latter context, a superposed dot denotes differentiation with
respect to time rather than with respect to the angle 9. The
matrices M, C, and K are analogous to the mass, damping, and
stiffness matrices, respectively, in transient analysis. All three
are symmetric sparse matrices. The matrix K is positive defi-
nite, whereas M is negative definite according to Eq. (13). The
element-level expressions [Eqs. (13-15)] are clearly nonstan-
dard. System (11) is nonlinear because of the temperature-
dependent radiation vector Q(d). In addition, as mentioned
previously, the thermal conductivities R and Ke may depend on
the temperature, in which case material nonlinearity is present
as well.

In the general case, the matrices M, C, and K depend on the
angle 9 through /c(0). Thus, the entries of these matrices are
periodic functions of 9. However, there are some important
special cases. If K and K& depend on location but not on tem-
perature, then M, C, and K are explicit periodic functions of
9. If K is not a function of 9 (although possibly a function of
r and z), then M and K are constant matrices. If Ke is not a
function of 0, then C = 0. Of course, if the material is ho-
mogeneous, then M and K are constant matrices and C = 0.

The solution of the system of ordinary differential equations
[Eq. (11)] must be considered next. The method of solution of
this system is based on the spectral method devised by Rand
and Givoli.20 In this method, each 0-dependent function in Eq.
(11) is decomposed, using the discrete Fourier transform, into
a finite number of harmonics, N, and the Fourier coefficients
are found using a nonlinear harmonic balance analysis. All of
the calculations involved are done symbolically by the com-
puter code itself. See Refs. 4 and 5 for application of this
methodology in another context. Finally, one obtains a coupled
nonlinear system of algebraic equations for the unknown Fou-
rier coefficients. This system is solved by means of a modified
Newton-Raphson iterative procedure.4

III. FE Formulation for General Geometries
At this point, the assumption that D is a body of revolution,

namely, the assumption of axisymmetric geometry, is relaxed
considerably, and the method is extended to more general ge-
ometries. Let r = rin and r = rout describe the inner and outer
boundaries of D, respectively (see Fig. la). In the axisym-
metric case rin and rout are functions of z only (see Fig. lb). In
the more general case, which is considered now, rin and rout are
allowed to vary with 0 as well. The functions rin(0, z) and
rout(0, z) are assumed to be single-valued continuous functions
of 0. Then, the geometry of the cross-section fl in the (r, z)
plane (Fig. lb) depends on 0, and it is appropriate to write 11
= 11(0) and y = y(0).

Because the domain 11 varies with 0, different FE meshes
must be defined for different cross sections. Thus, the nodal
coordinates depend on 0, while the mesh topology most con-
veniently remains fixed. Assuming that the expressions for the
boundaries rin and rout are given explicitly as functions of 0,
the element nodal coordinates and, hence, the element domains
H* and their boundaries y\ can also be parameterized explic-
itly with respect to 0.
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A careful examination of the mathematical derivation re-
veals that in this more general case, all of the expressions
given in the previous FE formulation, and in particular in Eqs.
(11) and (13-17), remain valid, with the following differences.
First, all of the element matrices and vectors depend on 6
through the domains of integration in Eqs. (13-17). For each
value of 9, these domains of integration are fixed, and the
element matrices and vectors can be evaluated. As a result, the
global matrices M, C, and K, and vectors Q and F, depend on
6 because of the varying geometry (possibly, in addition to the
dependence on 6 because of nonconstant thermal conductivi-
ties).

Second, certain modifications are needed in the element-
level expressions [Eqs. (14-17)], if the shape of the boundary
yH depends on 6. The reason is that in this case the normal n
to the boundary F, which appears in Eq. (3), does not coincide
with the normal ny to the boundary y, which is implicitly used
in deriving the weak Eq. (9) and, thus, the FE equations. Sup-
pose the geometrical relation between n and ny is given by

An element

n = T2(0)ee (19)

where 7\(0) and T2(9) are given functions, and ee is the unit
normal in the angular (9—) direction. In the axisymmetric case,
Tl = 1 and T2 - 0. From Eq. (19), the operator in Eq. (3) can
be written as

n • KVu = 7\(0>v RVu + ——- KQ —„ (20)
r 39

Using Eq. (20) in the derivation of Eq. (9), it is possible to
show that Eqs. (13-17) are replaced by the following expres-
sions:

f 1
m-j = - - <k*e<fc dft

Jne r

cj = - i faKefa da + rrl(0)r2(0) ^^^
Jae r JT^

. r dn + r_, e r
* ' Jr& '

9r = 77'(0) </.,c« 2 «fcd;(e)
JJ'H L J J

/f = 77'(0) </>,/r dye - f',(t
Jib

(21)

dy (22)

d/ (23)

r Ay' (24)

(25)

These expressions reduce to Eqs. (13-17) in the axisymmetric
case. It is apparent that the extension of the method to asym-
metric geometries has the effect of introducing geometrical
factors (not unlike the view factors related to the incoming
heat flux20) in the element matrix ke and vectors qe and/e, as
well as introducing an additional term in ce.

Thus, the methodology proposed here is valid for domains
that deviate from bodies of revolution. This deviation cannot
be carried to an extreme; e.g., local holes or inclusions in the
three-dimensional domain D are not allowed. The dependence
of the geometry on 0 must be continuous and single-valued.
Also, so that the method is numerically efficient, D should be
sufficiently similar to a body of revolution. In Sec. V, specific
examples are given that demonstrate the extent of geometrical
flexibility.

IV. FE Formulation: The Two-Dimensional Case
The FE formulation presented in the previous section is now

specialized to the two-dimensional case. Namely, the geome-

Thermal
radiation

Fig. 2 Setup for the two-dimensional case.

Fig. 3 Boundary r = p(0) and associated
unit vectors.
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0(deg.)
Fig. 4 Prescribed heat flux/(0) on the outer boundary, as a re-
sult of a unidirectional incoming flux. This half sine-wave is con-
structed here from its Fourier components by using the first five
harmonics.

try, material properties, and boundary conditions are assumed
not to depend on the axial coordinate z. Thus, D is a two-
dimensional domain in the (r, 0) plane, and its boundary F
consists of the two curves r = rin(0) and r = rout(0). The de-
composition [Eq. (5)] is used, where for each value of 0, fl is
the interval rin ^ r ^ rout, and its boundary y consists of the
two points r = rin and r = rout. To fix ideas, it is assumed that
a prescribed temperature condition [cf. Eq. (4)] is given on r
= rin, and a heat-flux condition [cf. Eq. (3)] is given on r =
rout, with A = 0 (Fig. 2). Thus, in this case Ncl = M = Nnp - 1.
Also, for simplicity, the material is assumed to be isotropic
and homogeneous, namely, K;> = /c5/7, where K is a constant
thermal conductivity, and 5/7 is the Kronecker delta.

In the two-dimensional case, it is easy to obtain explicit
expressions for the geometrical factors 7\(0) and T2(9) in Eq.
(19). Let r = p(0) be one of the boundaries r = rin or r = rout,
n be the unit normal vector, t be the unit tangent vector, and
er and ee be the unit vectors in the r and 0 directions, respec-
tively. (Fig. 3). Denoting the position vector on r = p(0) by
p(0), one has

p(0) = p(0K(6>) (26)
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Fig. 5 Axisymmetric geometry with a unidirectional incoming heat flux. Circumferential temperature distribution at four radial locations:
f = rln = 1 (location 1), f = 1.1667 (location 2), r = 1.4167 (location 3), and f = rout = 1.6667 (location 4). CR = a) 0, b) 0.1, c) 0.5, d) 1.5, e)
3.0, and f) 10.0.

From differential geometry, the vector p(9) is tangent to the
boundary, and <?,(0) = ee. This yields

t - ^ _per + pee
\P\ Vp2 + p2

In this case, the expressions for the element matrices me and
r are

(27)

The normal n can be found from t by using the first Serret-
Frenet equation for a curve. However, it is easy to see that nr
- te and ne = — tr. Therefore

nl = -K - 0/cfc
Jfie r

ki = K <£;<#>>(
JiT

dr (30)

(31)

T2(S)ee

where

T2(0) = -

(28)

(29)

where a prime denotes differentiation with respect to r. The
matrix C and the element vectors g and F are most conven-
iently obtained directly on the global level:

jj = T^(6)T2(0)K8IM8JM (32)

(33)
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(34)

Here, M is the degrees-freedom number corresponding to the
node at r - rout,_and F = {F/} is the global counterpart of the
element vector / defined by Eq. (18), and is calculated by

F, = m\2g) (35)

Consider now the case where the interval rin < r < rout is
divided into Nei = M equal elements, each with two nodes and
linear shape functions <£>,. Then the integrals in Eqs. (30) and
(31) can be evaluated explicitly, and the following expressions
are obtained:

pj] (36)

(37)

where

j = (1 - &*Vh<)$lh' + (1 -
Pi =

= r£ - rl = (rout - (38)

If r = rin and r = rout are circles, then the matrices M and K
are constant, and C vanishes, whereas Q and F depend on 9
because of the asymmetries in the thermal loading. If r = rin(0)
or r = rout(0) are noncircular, then all of the element quantities
in Eq. (38) are functions of 9 because of the geometrical asym-
metry. As a result, M, C, and K depend on 9 as well.

V. Numerical Examples
The FFE method described in Sees. II— IV is applied to a

number of examples in two dimensions (see Fig. 2). As in Sec.
IV, it is assumed that the temperature is prescribed on r = rin,
and a heat-flux condition is given on r = rout, with A = 0, and
that the material is isotropic and homogeneous. The interval
^ = fan, ''out) is divided into equally sized two-node linear
elements, and Eqs. (32-38) are used.

To present the results in a unit-independent way, all of the
equations are nondimensionalized. The nondimensional quan-
tities are defined as follows:

r = r/r0, rin = rin/r0, rout = rout/r0, w =

= ///o, g = * = UoK/(r0f0), CR =
(39)

where r0 is a reference length, «0 is a reference temperature,
and/o is a reference heat flux. In the present case, r0 is chosen
to be the average of rin(0), "o is the maximal value of g, and
fo is the maximal value of/.

First, an axisymmetric problem is considered for which an
analytic solution can be obtained. The domain D is a ring (or
the wall of an infinite cylinder) bounded by rin = 1 and rout =
5. The prescribed temperature on the inner boundary is g =
1, and the incident heat flux on the outer boundary is / = 1.

In the linear case, when CR = 0, the exact solution is given
by

M(r) = g + (rout//K)€n(r/rin) = 1 + (5/*)€w r (40)

The FFE method, with K =0.2 and 7Vel = 8, in this case yields
a_ relative error of about 0.5%. In the nonlinear case, when
CR & 0, an implicit analytic solution can still be obtained by
the following procedure. Let q(u) = 1 — CRu4 be the total
normal heat flux on the outer boundary. Then the temperature

on the outer boundary, wout = w(roul) can be deduced from Eq.
(40):

On the other hand, from the definition of q

CR = [1 - q(u0J]/u4
oul (42)

Equations (41) and (42) can be used to obtain the graph of wout
as a function of CR. A single point in this graph is obtained by
choosing a value of q(uout), substituting in Eq. (41) and finding
wout, and then substituting in Eq. (42) and obtaining the cor-
responding value of CR. A similar graph has been obtained
numerically by the FFE method. This has been done for var-
ious values of K. The relative difference between the analytic
and numerical solution was again found to be about 0.5%.

Next, an asymmetric thermal loading is considered, with the
axisymmetric geometry of the previous example. The normal
heat flux prescribed on r = rout is that generated by a unidirec-
tional incoming flux, such as solar radiation, directed in the 9
= — 90-deg direction. Because of the circular geometry of the
boundary and the self-shading of the cylinder, a half sine-wave
view factor multiplies the nominal constant incoming flux,20

i.e., /(0) = maxfsin 0, 0}. In the numerical scheme, a fast

Fig. 6 Axisymmetric geometry with a unidirectional incoming
heat flux; CR = 0.1: isotherms ["1" = 0.86, "10" = 1.66].

Log(uout)m,

-0.4
- 8 - 6 - 4 - 2 0

Log(CR)
Fig. 7 Axisymmetric geometry with a unidirectional incoming
heat flux: maximal temperature on the outer boundary as a func-
tion of CR.
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Fourier transform scheme is used to decompose/into its Fou-
rier modes. N = 12 modes were used in the present case
throughout the analysis. Figure 4 shows the function /(0) as
reconstructed from its first 12 modes. It is clear that the Fourier
representation of the loading function is quite satisfactory, de-
spite the fact that/(0) is not smooth, i.e., not differentiable at
6 = 0 and 6 = TT. The other fixed parameters in this example
are rin = 1, rout = 1.6667, g = 1, K = 0.2, and 7Vel = 8.

Figures 5a-5f show the temperature u as a function of 6 in
four radial locations: r = rin = 1 (location 1), f = 1.1667 (lo-
cation 2), r = 1.4167 (location 3), and r = rout = 1.6667 (lo-
cation 4). Each figure corresponds to a different value of the
radiation constant CR. It is apparent that as the radiation effect
is increased, the circumferential temperature distribution be-
comes more uniform. Thus, when no thermal radiation is pres-
ent (Fig. 5a), the results depend strongly on 0, whereas when
CR is large (Fig. 5f), the results very weakly depend on the
angular location. The reason is that when the radiation effect
is strong, most of the ^-dependent incident heat flux is radiated
back out, only slightly affecting the internal temperature dis-
tribution in the cylinder.

In addition, the amount of radiation affects the nature of the
radial temperature distribution: without radiation (Fig. 5a) the
temperature increases everywhere monotonically with r; with
small radiation (Figs. 5b-5d) the outer temperature is either
larger or smaller than the inner temperature, depending on the
angular location; whereas with large radiation (Figs. 5e and
5f), the temperature monotonically decreases everywhere with
r. This behavior is also related to the cancellation of part of
the incident flux by the radiation effect.

Figure 6 shows the isotherms in the cylindrical wall for CR
= 0.1. Here, and in all of the following isotherm plots, 10 level
lines are shown that are labeled 1-10, and which represent
equally spaced temperature values between the minimum and

maximum values. In the present case, the maximal temperature
is 1.7, and is achieved at the top of the outer boundary (where
the incoming heat flux is maximal). The maximal temperature
on the outer boundary as a function of CR is shown in Fig. 7
in a logarithmic scale. The highest value, which is u = 27.7,
is obtained when no thermal radiation is present, as expected.
The lowest value is u = 0.54, which is approached asymptot-
ically when CR —» oo.

Now an asymmetric geometry is considered. While the outer
boundary remains the circle rout = 1.6667, the inner boundary
is defined by the function rm(6) = 1 + 0.333 cos 9, which
approximately represents a circle shifted by 0.333 to the right.
The other fixed parameters are g = 1, K = 0.2, Nel = 8, and N
= 10. First, the case/ = 1, CR = 0 is considered. Here, the
only asymmetry in the problem is that because of the geom-
etry. For this case, a standard two-dimensional FE model has
been used to obtain results of the same problem to compare
them with those obtained by the proposed FFE method. Figure
8a illustrates the FE mesh used in the standard model, which
consists of 320 elements and 360 nodes.

Figures 8b and 8c are, respectively, the isotherm plots ob-
tained by the standard FE method and the FFE method. It is
clear that the agreement between the two results is excellent.
Quantitative comparison shows that the pointwise differences
between the two solutions are smaller than 3.5%. It should be
remarked that the largest error occurs in the leftmost part of the
domain, where a slight discrepancy in the isotherms can be seen
by comparing Figs. 8b and 8c. This can be explained by the
fact that the solution in the region that is relatively close to the
inner boundary is more strongly affected by the prescribed tem-
perature on this boundary. This leads to a larger error in the
region that is relatively remote from the inner boundary.

The last experiment confirms the correctness of the FFE
scheme. It also serves to compare the efficiency of the FFE

Fig. 8 Asymmetric geometry (shifted inner boundary), no radiation, uniform incident heat flux: a) FE mesh in the standard FE scheme;
b) isotherms obtained by the FE scheme ["1" = 1.0, "10" = 7.30]; and c) isotherms obtained by the FFE scheme ["1" = 1.0, "10" =
7.30].
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and standard FE schemes. The FFE scheme, with M X (2N +
1) = 168 degrees of freedom, achieves the same accuracy as
the FE scheme that uses 320 degrees of freedom. Of course,
this is not always the case; in problems where the solution is
not sufficiently smooth in the angular direction, the standard
FE method may be more efficient. See further discussion of
the computational aspects at the end of this section.

Now, the case of a unidirectional incoming flux (cf. Fig. 4)
is considered, with the same geometry and with various values
of CR. The other parameters remain as before. There are two
sources of asymmetry in this case: the geometry and the ther-
mal loading. Figures 9a-9c describe the isotherms obtained
for three values of CR. The isotherm patterns are quite different
in the three cases. When CR is small (Fig. 9a), the maximal
temperature (u = 1.7) is obtained at the top part of the outer
boundary, the smallest temperature (« = 0.79) occurs at a point
on the bottom, whereas the inner boundary is kept at the in-
termediate temperature u - 1. When CR is increased (Fig. 9b),
the maximal temperature is u = 1 on the inner boundary, but
this isotherm also intersects the outer boundary at two points
on the upper part. When CR becomes very large (Fig. 9c),
closed isotherms are obtained, and the maximal temperature
u - 1 occurs only at the inner boundary.

It is interesting to compare Fig. 6 with Fig. 9a. The only
difference between the two problems is that in the former, the
two boundaries are concentric, whereas in the latter, they are
eccentric. It is clear that aside from the asymmetry inherent in
Fig. 9a, the solution is similar qualitatively. This similarity is
observed for other values of CR as well.

Finally, the case of a square hole in a circular domain is
considered. The side of the square is of length 1, and the outer
radius is rout = 1. Note that the square boundary is represented
by a Fourier expansion, as are all of the other ^-dependent
quantities in the problem. The other fixed parameters are, / is
defined by the half sine-wave (Fig. 4), g = 1, K = 0.2, Nel =
8, and N = 10. Figures lOa-lOc depict the isotherms for three
values of CR. The behavior of the solution is similar in nature
to that observed in the previous example.

It should be noted that the domain D in the last example
contains four re-entrant corners, which are singularity points.
The normal derivative of the exact solution is not bounded in
these points. In the present analysis, these singularities were
simply ignored. However, a more accurate analysis requires
special treatment of these singularities. Perhaps the simplest
way to account for them is by refining the mesh locally near
the four corners. This can be done very easily in the FFE
method: it only requires the adaptation of a one-dimensional
FE mesh, and an appropriate increase in the number of har-
monics.

We close this section with a brief discussion of some com-
putational aspects of the FFE method. A detailed description
of the relative advantages and disadvantages of the method
compared to standard FE analysis may be found in Ref. 4,
where the Fourier decomposition is applied in time, and in Ref.
20, where it is applied in space.

As indicated in Sec. I, an important advantage of FFE is the
dimensional reduction of the FE model. One consequence of
this reduction is that the meshing process must be done in a
smaller dimension. In addition, refining or adapting the mesh
in the case of an adaptive scheme becomes easier in the FFE
method. For example, in the two-dimensional case considered
in this section, constructing and refining the FFE mesh is a
trivial task, whereas the FE user has to maintain good aspect
ratios for all of the elements while generating or adapting the
mesh. In the FFE method, controlling the accuracy in the tan-
gential direction is done independently of the other spatial di-
rections; simply a larger number of harmonics, N, must be
taken, and there is no need in remeshing or reforming the
element arrays. These advantages become even more distinct
in three dimensions.

The accuracy of the FFE method, compared with that of the
standard FE method, depends mainly on the smoothness of the
exact solution in the angular direction. If the solution is infi-
nitely smooth in this direction, then the FFE method yields
results that are much more accurate. This is generally the case
with global spectral schemes or with spectral or p-type FE
schemes that lead to an exponential rate of convergence, as
opposed to standard /z-type FE schemes that are associated
with algebraic convergence.10 On the other hand, if the exact
solution has a low degree of regularity, e.g., suffers from dis-

c)
Fig. 9 Asymmetric geometry (shifted inner boundary), unidirec-
tional incoming heat flux: isotherms. CR = a) 0.1 ["1" = 0.84, "10"
= 1.66]; b) 1 ["1" = 0.55, "10" = 0.98]; and c) 3 ["1" = 0.45,
"10" = 0.97].
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continuities or jumps in slope in the angular direction, then
the standard FE method would yield more accurate results for
the same number of degrees of freedom. Thus, the choice of
one method over the other is problem dependent.

There are three main sources of errors in the FFE method:
1) the FE discretization error, 2) the error generated by trun-
cating the Fourier expansion after TV terms, and 3) the geo-
metrical error that is generated if the domain under consider-
ation deviates from that of a body of revolution. The latter
error is related to the fact that while taking the derivative with
respect to 9 in Eqs. (21-25), r is assumed to be constant,

whereas, in fact, r is not constant on a circumferential line if
the geometry is noncircular. This means that one has to be
careful when applying the method to domains that substantially
deviate from a body of revolution.

The calculations that yield the coefficient matrix in the FFE
method are performed very efficiently using the symbolic pro-
cedures described in Refs. 4 and 5. As a result, the intensive
part of the computation is associated with the solution of the
final system of nonlinear algebraic equations. For the same num-
ber of degrees of freedom, the CPU time and storage require-
ment in the FFE and standard FE methods are comparable.

Fig. 10 Square inner boundary, unidirectional incoming heat
flux: isotherms. CR = a) 0.1 ["1" = 0.80, "10" = 1.69]; b) 1 ["1"
= 0.51, "10" = 0.97]; and c) 3 ["1" = 0.42, "10" = 0.97].

VI. Concluding Remarks
In this paper, a new numerical method was devised for the

solution of nonlinear steady-state heat transfer problems in
bodies whose boundaries can be described uniquely in cylin-
drical coordinates. The method combines symbolically imple-
mented Fourier decomposition in the angular direction and FE
discretization in the other spatial directions. In contrast to pre-
viously proposed schemes, the present method allows the ge-
ometry itself, as well as the material properties and boundary
conditions (loading), to be functions of the angular coordinate.
Thus, the method constitutes a generalization of standard FE
Fourier analysis to nonlinear problems with asymmetric ge-
ometry and material properties. Applications include thermal
analysis of space structures, or structural members in space
structures when detailed local analysis is required.

The method has been demonstrated by solving several two-
dimensional problems. In two dimensions, comparison to stan-
dard FE calculations is easily performed and, thus, the success
of the new scheme can be measured readily. However, the
advantages of the method become more distinct in the three-
dimensional case, which is currently being implemented. In
this case, the scheme requires only the construction of a two-
dimensional FE mesh, as opposed to the three-dimensional
mesh required in standard FE analysis. An additional future
research direction is the adaptation of the method to problems
of flexible structures with geometrical and material nonline-
arities. In particular, effort will be made in three application
areas: 1) more complex heat transfer problems such as three-
dimensional time-dependent conduction-radiation problems of
large space structures, 2) the thermoelastic analysis of flexible
space structures, and 3) the thermoelastic control of twist in
helicopter rotor blades. Results of these extensions will be re-
ported in a future publication.
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:̂ iiiJ î̂ yiW Jay Gould Ct., P.O. Box 753, Waldorf, MD 20684;:

8 a.m. -5 p.m. Eastern y :x j j

af rates for higher $m
iy check, traveler^ &$
must be made paysSfe

pifciadd applicable sales tax. rO'̂ lipping and handling add 'S4i?S for 1 ••
. orders, including U.S., Canadian,, md foreign, must be prepaid by . pors

er, or credit card (VISA, MasterCard, American Express, or Din ;̂C
nk. Qrto/rssMibsaries, corporations, government a

M by an authored pM0fe0 ofjM All other bookstore orders must be prepsl! Please allow 4
condition will be accepted within 30 days. Sorry,

(unless defective). Non-U.S. residents are fg


